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Numerical predictions of turbulent underexpanded
sonic jets using a pressure-based methodology
P Birkby1 and G J Page2 ¤
1
Department of Engineering, University of Cambridge, UK
2
Department of Aeronautical and Automotive Engineering, Loughborough University, Leicestershire, UK

Abstract: The objective of this work is to model underexpanded turbulent sonic jets. A pressure-based
computational fluid dynamics methodology has been employed, incorporating extensions to handle high
speed flows. A standard two-equation turbulence model is used, with an optional compressibility
correction. Comparison with experimental jet centre-line Mach number showed the correct shock cell
wavelength but a too rapid decay. The compressibility correction had no effect on the shock cell decay but
increased the potential core length to give better agreement with experiment. Calculations for nozzle
pressure ratios up to 30 showed the variation of Mach disc location in good agreement with experiment.
For nozzle pressure ratios above 6, unsteady solutions were observed, emanating from the intersection of
the Mach disc with the shear layer. Experimental work has identified similar large-scale instabilities; the
peak mode of the prediction had a Strouhal number of 0.16, close to experimental values.
Keywords: jet, underexpanded, turbulent flow, computational fluid dynamics (CFD)

NOTATION

Superscripts

a
speed of sound
C í , C å1 , C å2
turbulence model constants
d, r
jet nozzle diameter, radius
H
total enthalpy
l
first shock cell length
k
turbulence kinetic energy
Mô
turbulence Mach numbers
NPR
nozzle pressure ratio
P
pressure
Pk
production rate of k
u, v
Cartesian velocity components
vj
velocity vector

~
0

å
ç
í
ít
r
ó k, óå
ô ij

dissipation rate of k
ratio of specific heats
viscosity
turbulent viscosity
density
turbulence model constant
shear stress tensor
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conventional ensemble average
density-weighted ensemble average
density-weighted fluctuation

INTRODUCTION

High-speed jet flows are of significant interest in many
fields of engineering. These include propulsive jets in
aerospace applications and the accidental release of highpressure combustible gases into the atmosphere. The
present work concentrates on underexpanded jets with
sonic velocities expanding into nominally quiescent conditions. This relates to convergent nozzles in propulsive
applications or the release of high pressure gases through
an aperture.
The structure of underexpanded jets has been well
documented [1, 2]. They contain a complex periodic shock
cell structure created by the imbalance of static pressure
between the jet core and ambient. If the nozzle pressure
ratio (NPR) is defined as the ratio of jet exit total pressure
to ambient static pressure, then for nozzle pressure ratios of
around 4 the jet becomes highly underexpanded and a
normal shock or Mach disc is formed. Downstream of the
Mach disc a pocket of subsonic flow will be created in the
jet core. Experimental measurements of underexpanded jets
are relatively limited owing to the difficulties arising from
varying static pressures, high velocities and shock waves.
Proc Instn Mech Engrs Vol 215 Part G
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Early work concentrated on global quantities such as shock
cell wavelength and Mach disc location [3, 4]. Measurements of the flow properties of underexpanded jets were
initially limited to pressure probe measurements [5, 6] or
else the measurements were of the far field flow only [7].
More recently laser Doppler anemometry and laser-induced
fluorescence have been used [8], although the measurements were limited to moderately underexpanded jets.
Reliable measurements of velocity and turbulence quantities are not at present available but are clearly important for
the validation of modelling techniques and for jets undergoing combustion.
Computational fluid dynamics (CFD) modelling of
moderately underexpanded jets has been reported in several
studies. The earliest work [9] used the Euler equations with
varying success. Several studies have employed a parabolized Navier–Stokes method [8, 10, 11]. The method
was found to overpredict the shock structure and to
underpredict the mixing rate of sonic jets. Use of a
Navier–Stokes solver along with the two-equation k–å
model showed promising results downstream of the shockcontaining region [12]. Highly underexpanded jets have
been modelled much less. Both the Euler and the Navier–
Stokes equations were used to model the first five
diameters of a jet with a nozzle pressure ratio of 6.76 [13].
Reference [9] reports comparisons of the computed Mach
disc locations with experiments [3], although no other
measurement of these jets was reported. The earlier work
of reference [12] was extended to compute highly underexpanded jets [14]; the predictions were found to be in
good agreement with experimental observations of Mach
disc location, but the emphasis of the work was on the
mean velocity and mixture fractions downstream.
One recurring issue in the modelling of underexpanded
jets using the Navier–Stokes equations is the effect of
compressibility on turbulence. Experimental work [15]
demonstrated that as the convective Mach number increased then the growth rate of a turbulent shear layer
decreased, an effect that is not reproduced by standard
turbulence models. Convective Mach number is defined as
the ratio of the mean velocity difference across the layer to
the sum of the sound speeds in the two streams. Several
works have therefore considered compressibility corrections. Experimental data were used in an empirical manner
to attenuate the turbulent viscosity as the convective Mach
number increased [8]. Reference [11] applied a model
based on two length scales obtained from the k–å model
and experimental data. Modelling sonic jets with a
parabolized Navier–Stokes model and a compressibility
correction was found to cause a deterioration in the
computed accuracy since the mixing was already underpredicted. This was not the case for supersonic jets or with
a Navier– Stokes solver [12, 14].
Early work [16] introduced the concept of dilatation
dissipation (in addition to solenoidal dissipation) for high
Reynolds number compressible turbulence. This was
predicated on the existence of shock-like structures within
Proc Instn Mech Engrs Vol 215 Part G

energetic eddies. By modelling the dilatation dissipation as
a function of turbulence Mach number and solenoidal
dissipation, the correct reduction in shear layer spreading
rate with convective Mach number was reproduced.
Reference [17] proposed a similar modelling approach
based on direct numerical simulations of compressible,
isotropic turbulence. The model was implemented in a
second-order closure model [18] where it was found to
reproduce the dependence of mixing layer growth on the
convective Mach number. It has also been implemented in
a two-equation model applied to underexpanded jets [12],
where it not only improved downstream mixing results but
had an extremely favourable effect on the shock resolution.
More recently [19, 20], there has been considerable
evidence that the influence of dilatation dissipation and
pressure dilatation is small in a compressible mixing layer
(even when eddy shocklets are observed) and that support
for the initial theory came from simulations of isotropic or
fully homogeneous compressible turbulence. It was shown
that the reduction in growth rate was due to reduced
pressure fluctuations leading to a reduction in the
pressure–strain term [20] and is related to the anistropy of
the Reynolds stress tensor [19]. Although the models based
on compressible dissipation are physically incorrect, they
nevertheless give a reasonable reproduction of the spreading rate reduction with convective Mach number.
The objectives of the current work are to model highly
underexpanded jets exhausting into a quiescent atmosphere, in order to predict the occurrence and location of
the Mach disc and the turbulent mixing in the shear layer.
In the following section the CFD methodology is described
in detail. Following this, the results obtained for underexpanded sonic jets at various nozzle pressure ratios are
discussed along with the application of a compressibility
correction to the turbulence model and some preliminary
observations regarding jet flow unsteadiness.

2

METHODOLOGY

The methodology employed in the current work solves the
time-dependent, density-weighted ensemble-averaged conservation equations for mass and momentum, together with
the assumption of constant total enthalpy:
@
@
r‡
r~
vj ˆ 0
@t
@xj

(1)

@
@
v j ‡ Pä ij ¡ (ô ij ¡ rvg
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The mass-weighted Reynolds stress tensor is modelled
using the Boussinesq assumption,
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and the turbulent viscosity is found from a mass-weighted
variant of the standard high Reynolds number k–å model
[21], with the standard set of constants:
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In order to model the observed reduction in spreading
rate of a high-speed shear layer, the modifications proposed
in reference [17] have been implemented in the k¡ å
turbulence model. This introduces extra terms as a function
of the local turbulence Mach number,
p
2k
Mô ˆ
a

(8)

Sk ˆ ¡rM 2ô ~å

applied to pressure-based algorithms, this has a very
beneficial effect on accuracy for compressible flows, in
particular those containing shock waves.
The governing equations (1), (2), (5) and (6) can be cast
into the form of a model transport equation for the variable
¼, where ¼ corresponds to r, ru, rv, rå or rk:
μ
 ´¶
@¼
@
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‡
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@x r
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 ´¶
@
@ ¼
¼
¡
v¡
‡
ˆ S¼
@y
@y r

(11)

The source S¼ contains the remaining terms which do not
fit into the model equation as well as the true sources.
The numerical scheme uses a basic first-order upwind
scheme which is discretized in an implicit manner; a
higher-order discretization using a total variation diminishing (TVD) principle is implemented as an explicit correction to the basic upwind scheme. All diffusive terms are
discretized using central differencing.
The basic upwind scheme determines the control volume
face velocities using central differencing; the sign of this
velocity is then used to determine which of the adjacent
control volume values of ¼, together with the face velocity,
should be used to construct the flux at the face. For
example, the basic upwind flux at the right face of cell i is
¡
¼ i‡1=2 u i‡1=2 ˆ u‡
¼
¼
i‡1=2 i ‡ u i‡1=2 i‡1

the addition of a sink term in the k equation,
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(12)

(9)
where

and a scaling of the turbulent viscosity,
k~2
ít ˆ C í r
(1 ‡ M 2ô )~å

u§
i‡1=2 ˆ
(10)

While more recent work [19, 20] has shown that this
modification based on dilatational terms is physically
incorrect, it has nevertheless been shown to reproduce
correctly the dependence of mixing layer growth on
convective Mach number [18].
The governing equations are discretized using a finite
volume technique on a Cartesian mesh with a twodimensional axisymmetric coordinate system. A staggered
mesh approach is employed: the mass and turbulence
model equations are integrated over the main control
volume, while the control volumes for the components of
momentum are displaced in the appropriate direction, such
that one set of faces is positioned at the centre of the main
control volume. It should be noted that the primary set of
variables is defined as quantities per unit volume, rather
than per unit mass; thus momentum is considered a primary
variable (on which a conservation equation can be applied),
rather than velocity, which must now be derived from
density and momentum. As shown in reference [22], when
G03899 # IMechE 2001
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The TVD correction consists of additional higher-order
terms to equation (12),
¼i )
¢¡
¼
HOT ˆ 12 (u‡i‡1=2 ¢‡i‡1=2 ¡ u¡
i‡1=2 i‡1=2 )( i‡1 ¡
(14)
and the limiter function is
§
â
¢§i‡1=2 ˆ max[0, min(â r§
i‡1=2 , 1), min(r i‡1=2 , )]

(15)

based on the forward and backward monitor functions:
r‡i‡1=2 ˆ

¼ i ¡ ¼ i¡1
¼ i‡1 ¡ ¼ i

(16)

r¡i‡1=2 ˆ

¼ i‡2 ¡ ¼ i‡1
¼ i‡1 ¡ ¼ i

(17)

This scheme is second-order accurate in smooth regions
Proc Instn Mech Engrs Vol 215 Part G
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and the limiter ensures monotonicity. The compression
parameter â steepens discontinuities; for the current work a
value of unity has been employed which reproduces the
‘minmod’scheme.
This discretization leads to a set of implicit scalar
equations for ¼ which are solved using a line Gauss–Seidel
technique. The equations are coupled together and advanced in time using a pressure-based approach. Typically
in many high-speed flow problems, density-based approaches are employed — however, at low Mach numbers
these algorithms become inefficient and often unstable.
The flows of interest here contain a high-speed jet core
exhausting into ambient conditions where the flow is at
rest; a pressure-based approach with a correctly formulated
compressible treatment can accurately compute flows
containing both high and low Mach number zones [23].
The equation for conservation of mass is converted into
an implicit equation for change in pressure (or ‘pressure
correction’) by considering the linkage between changes in
density and pressure (via the equation of state) and the
linkage between changes in velocity and changes in pressure
gradient (via a truncated form of the discretized momentum
equations). The mass conservation equation does not conform well with the model scalar convection–diffusion
equation in that there are no diffusion terms. If the convected
density term is discretized using central differencing then
the algorithm becomes unstable when the local Mach
number exceeds unity; conversely, upwind differencing of
density is stable but leads to a diffusive solution with highly
smeared shock waves. The current work effectively introduces an artificial diffusion term by blending the central and
upwind discretizations [24]. The blending is controlled by
the local Mach number; in subsonic zones the scheme
essentially reproduces central differencing, while for local
Mach numbers above 2.5 the scheme is predominantly
upwind. This deceptively simple technique has been found
to be robust and accurate. Although the alternative ‘retarded
pressure’ approach [22] gives crisper shock capturing, it is
not as robust, failing for high Mach number flows.
A backward Euler implicit method is used for the
temporal discretization. For steady state predictions, a local
time step is computed on the basis of a prescribed Courant–
Friedrichs–Lewy (CFL) number, with a typical value being
between 3 and 5. Unsteady predictions use a global time step
calculated a priori from an estimate of the CFL number at
the jet exit. Iteration can be used within individual timesteps
to converge the Euler implicit equations; however, with the
size of timestep employed in these calculations, this was not
found to improve convergence or temporal accuracy.

3

RESULTS

3.1 Computational domain and boundary conditions
All calculations presented in the present work have used a
jet nozzle diameter of 25 mm, resulting in a range of
Proc Instn Mech Engrs Vol 215 Part G

Reynolds numbers from 1:0 3 106 to 2:3 3 106 (based on
nozzle diameter and fully expanded conditions). The
computational domain extended 40 nozzle diameters downstream from the jet exit and 15 nozzle diameters normal to
the jet centre-line. The predictions presented here use 600
cells in the streamwise direction and 210 transverse to the
flow. Moderate clustering was used in the jet shear layer
(smallest transverse spacing of 0.01 diameters) and near
the nozzle exit (smallest axial spacing of 0.01 diameters).
Comparisons to show the influence of grid resolution are
discussed in the following section. At the jet nozzle exit
plane, the numerical boundary conditions impose a given
total pressure and total temperature; the static pressure is
extrapolated from the interior in order to determine the jet
velocity, density and temperature. For all the cases
presented here, the jet total pressure is above critical and
the boundary conditions correctly reproduce a sonic jet exit
velocity. For the plane adjacent to the nozzle and at the far
field boundaries normal and parallel to the jet, a condition
of constant static pressure is imposed; depending on the
local pressure and flow direction adjacent to the boundary
this will generate an inflow or outflow. The turbulence
model jet inflow conditions were prescribed on the basis of
a low turbulence intensity (5 per cent), a sonic reference
velocity and a length scale of 5 per cent of the nozzle
diameter; for the ambient inflow conditions a smaller
reference velocity of approximately 10 m=s was used. The
solution was found to be relatively insensitive to the inflow
turbulence conditions, with only a small reduction in
potential core length for increased turbulence intensity.
To achieve a steady state solution required approximately 5000 timesteps using a local timestep. To achieve
time-accurate unsteady solutions a global timestep was
used; these calculations were much more expensive,
typically requiring around 20 000 time steps to achieve the
unsteady flow, followed by approximately 80 000 time steps
on which the solution was sampled in order to compute the
power spectral density.
3.2 Steady predictions
Initial calculations were carried out for the relatively low
NPRs of 3.5 and 5.0 corresponding to the experimental
work of reference [6]. Mach number contours for an NPR
of 3.5 are shown in Fig. 1 to illustrate the basic features of
the flow. The repeating shock cell structure can be clearly
seen, resulting in the distinctive curved shear layer. To
show the effect of grid resolution, Fig. 2 compares the jet
centre-line Mach number for the 600 3 210 grid and a
300 3 105 grid; the increased resolution gives slightly
higher peaks in the shock cell Mach number, but the shock
cell wavelength and potential core length are unaffected.
The methodology assumes that the total enthalpy is
constant throughout the flow; to show that this is still a
valid assumption, some calculations have also been carried
out with the coupled solution of the transport equation for
total enthalpy. Figure 3 shows the temperatures along the
G03899 # IMechE 2001
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Fig. 1

Fig. 2

Fig. 3

Jet centre-line
NPR ˆ 3:5

Mach

number,

grid

Mach number contours, NPR ˆ 3:5

dependence,

Comparison of constant total enthalpy assumption with
coupled transport equation for total enthalpy

jet centre-line for both calculations (with an NPR of 3.5);
these are almost identical, as are all features of the flow
solution.
A comparison of the jet centre-line Mach number with
experiment for the lower NPR case is shown in Fig. 4 for
G03899 # IMechE 2001
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Fig. 4

Jet centre-line Mach number, effect of compressibility
correction, NPR ˆ 3:5

both the standard and the compressibility-corrected (CC)
k–å turbulence models. The shock cell wavelength is in
good agreement with experiment but has decayed rather
too rapidly; it is not clear whether this is due to numerical
diffusion. The compressibility correction to the turbulence
model has almost no effect on the shock cell structure. This
is to be expected as in the jet core the magnitude of the
turbulent shear stress will be small compared with the
inertial terms—surprisingly, reference [12] reports that the
compressibility correction is beneficial in reducing the
shock cell decay. The effective reduction in turbulent
viscosity in the shear layer has increased the potential core
length by approximately two jet nozzle diameters, giving
better agreement with the experimental potential core
length than the standard model.
At higher NPRs, a normal shock or Mach disc is formed
in the jet core; a typical solution showing Mach number
contours is shown for an NPR of 10 in Fig. 5. The strong
Mach disc is followed by a zone of subsonic flow; a slip
line exists between the subsonic zone near the centre-line
and the supersonic flow outside, and a triple point is
Proc Instn Mech Engrs Vol 215 Part G
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Fig. 5

Mach number contours, NPR ˆ 10:0

apparent at the intersection of the Mach disc with the outer
flow. As will be shown in the next section, this NPR can
give unsteady solutions; however, the unsteadiness is more
apparent downstream of the region shown here. This is a
severe test of a CFD prediction method because of the
presence of a region where the local Mach number exceeds
3.5, a strong normal shock and an outer zone where the
flow is at rest and is essentially incompressible in nature.
A grid dependence test was carried out for the Mach disc
cases using an NPR of 5, with jet centre-line Mach number
shown in Fig. 6. The strength of the normal shock is
sensitive to the axial grid resolution; the finer grid gives a
sharper, stronger shock and a pronounced undershoot
(normal shock equations would suggest that the downstream Mach number should be around 0.5). Downstream
the two solutions are very similar. Curiously, comparison
with experimental data using both the standard and the CC
turbulence model (Fig. 7) shows the experimental data with
a similar value of the Mach number aft of the shock.
Downstream of the Mach disc, the mixing from the outer
supersonic flow accelerates the subsonic zone and the
shock cells reappear—the computations agree well with
experimental data in this zone. The CC turbulence model

Fig. 6

Jet centre-line
NPR ˆ 5:0

Mach

Proc Instn Mech Engrs Vol 215 Part G

number,

grid

Fig. 7

Jet centre-line Mach number, effect of compressibility
correction, NPR ˆ 5:0

again gives better agreement with experimental potential
core length and mixing far downstream.
A series of calculations has been carried out for highly
underexpanded jets with NPRs ranging from 5 to 30. Figure
8 shows the variation of Mach disc location with NPR and
is in excellent agreement with experimental data [3].
3.3

Unsteady predictions

For highly underexpanded jets unstable behaviour has been
observed. The onset of this unstable behaviour is dependent
on the pressure ratio and turbulence model. At pressure
ratios above approximately 6 the jet may display these
characteristics. Instabilities are more likely to be observed
when the compressibility correction is used, probably
because of the reduction in shear layer turbulent viscosity.
Finer grids and the use of a local timestepping procedure
can also accelerate the onset of unsteadiness. Tests have
been carried out to remove numerical influences from the
solution, such as changing timesteps, boundary locations
and grid resolution. Although these factors can affect the
precise nozzle pressure ratio for the onset of unsteadiness,
the unstable behaviour once started is not significantly
affected. An example pressure trace showing the influence

dependence,
Fig. 8

Variation of Mach disc location with NPR
G03899 # IMechE 2001
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of the numerical timestep is shown in Fig. 9, the smaller
timestep gives a slightly larger amplitude of the oscillation,
but the frequencies are identical.
While the assumption of constant total enthalpy is not
strictly valid for unsteady flows, a comparison of the
unsteady pressure trace using a transport equation for total
energy showed the error in this assumption to be less than
that due to temporal discretization error. This approximation of constant total enthalpy has been used in the
unsteady calculations in order to give a useful reduction in
computer time for a given calculation.
The unstable behaviour is observed in two ways. The
oblique shock structure of the jet takes on a periodic
structure, while large-scale structures are observed in the
jet shear layers. Figures 10 and 11 show the Mach number
and turbulent kinetic energy contours for an NPR of 6.0.
Instabilities appear to be generated around the triple point
of the Mach disc and to convect and grow in the supersonic
bubble along the boundary of the potential core. These
structures compress the potential core having the effect of a
supersonic nozzle on the flow within it. Oblique shock

Fig. 9

Unsteady pressure trace, influence of timestep

Fig. 10

Unsteady Mach number contours, NPR ˆ 6:0

G03899 # IMechE 2001

Fig. 11
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Unsteady turbulence energy contours, NPR ˆ 6:0

waves form at these compressions, which then convect
along the potential core with the large-scale structures. This
gives rise to the periodic oblique shock structure that is
observed in the computations. However, although the
oblique shock structure is periodic, the Mach disc and the
first oblique shock are stationary; instabilities only develop
further downstream.
Recently there have been some experimental studies of
vortex structures in high-speed jets [25–27] that indicate
large scale instabilities in the shear layer. The destabilization of otherwise stable underexpanded jet flows by the
presence of Kelvin–Helmholtz roll-up has been demonstrated experimentally using high speed schlieren pictures
[9]. The smooth, regular shock pattern normally associated
with underexpanded jets and obtained in the steady
predictions was only observed in long exposure schlieren
photographs, while for short exposure photographs (1.1 ís)
the flow appeared to fluctuate and display a three-dimensional helical structure, which prevented identification of
the shock structure downstream of the first oblique shock.
This is similar to the behaviour of the unsteady predictions,
although it should be noted that these are two-dimensional
axisymmetric predictions and cannot resolve a threedimensional helical structure. They also showed, through
an Euler flow prediction, that a time-converged solution
should not be possible without suitable time averaging or
by the introduction of too much dissipation. Thus, although
these computations use the density-weighted ensembleaveraged Navier– Stokes equations, the time-dependent
calculation appears to be reproducing some of the unsteadiness observed experimentally.
The spectral density for an NPR of 6.0 is shown in Fig.
12. This was obtained from lipline pressure–time data at
x=d ˆ 10:0. Four modes have been predicted, with a peak
mode of 4.0 kHz and a Strouhal number of 0.16, based on
the fully expanded axial velocity. Experimental data [27]
reported a dominant instability Strouhal number of around
0.18 for an NPR of 6.0, while reference [25] measured a
peak frequency corresponding to a Strouhal number of
Proc Instn Mech Engrs Vol 215 Part G

172

P BIRKBY AND G J PAGE

Fig. 12

Spectral analysis of unsteadiness, NPR ˆ 6:0

0.14. The experimental results show some disagreement,
with the computed value falling between them. Experimental results for peak frequencies can be inconsistent
because they are very sensitive to the experimental design
such as the nozzle lip thickness and exhibit features such as
hysteresis. Although it was not the original intention of this
study, these calculations provide insight into some of the
noise generation mechanisms in an underexpanded jet, and
could be used, coupled with an appropriate method to
propagate these acoustic disturbances to the far field, to
predict a component of jet noise.

4

CONCLUSIONS

A pressure-based methodology capable of predicting underexpanded sonic jets in a quiescent domain has been applied
to jet flows with NPRs from 3.5 to 30. Shock cell
wavelength is correctly predicted, but comparison with
experiment indicates a too rapid decay; this may be due to
numerical diffusion related to the large streamwise gradients. The compressibility correction to the turbulence
model has no effect on the shock cell decay but increases
the potential core length to give better agreement with
experiment than the standard model. For highly underexpanded jets, the Mach disc location is correctly predicted
and the distinctive physical features such as the triple point,
slip line and the curved jet boundary have been resolved.
Unsteady solutions have been predicted, corresponding
to unsteadiness observed in experimental work. The power
spectral density computed from pressure data at the nozzle
exit contains a peak equivalent to a Strouhal number of
0.16; this compares favourably with experiment. The
predicted unsteadiness could potentially be used, coupled
Proc Instn Mech Engrs Vol 215 Part G

to an acoustic model, to predict a component of the farfield jet noise.
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