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Adaptive Notch Filters f r o m Lossless B o u n d e d R e a l All-Pass
Functions f o r Frequency Tracking a n d Line E n h a n c i n g

Jonathon. A. Chambers and Anthony. G. Constantinides
Department of Electrical Engineering
Imperial College of Science, Technology and Medicine,
Exhibition Road, London, SW7 2BT, UK
is necessary to minimise the overall output error of a cascade
structure, rather than local errors, which leads to an increase
in the complexity of the generation of the gradient terms
required for the adaptation algorithm.

ABSTRACT

The objective of this paper is to introduce novel
constrained adaptive notch filters which are synthesised from
a numerically robust all-pass filter section. This section is
realised as a structurally lossless bounded real function which
is canonic in both multipliers and delay elements. The new
notch filter structures admit orthogonal tuning of their notch
frequency and bandwidth. For the two structures, frequency
tracking and signal enhancement outputs are derived.
Interesting connections are made with the structures that
others workers have employed. The mirror image pair of
polynomials present in a real all-pass transfer function is
shown to yield significant simplification in the generation of
the necessary gradient terms used in parameter adaptation.
A cascade of such structures is shown to be suitable for
tracking multiple sinusoids. Simulation results are included
which verify the utility of these new structures for frequency
tracking.

For example to track N sinusoids Kwan [8] amploys a total of
N(N+ 1)/2 + N second-order sections for both the ANFs and
to generate the necessary gradient terms. Within this paper
two new structures for ANFs are synthesised from a
numerically robust all-pass filter section, both of which
provide frequency tracking and line enhancing outputs. The
second of these new structures when cascaded requires only
N(N+ 1)/2 second-order sections for tracking N sinusoids.
2. All-Pass Function Realisation
The frequency response of an all-pass transfer function
has unit magnitude for all o , i.e. IiY(e”?IZ = 1 for all U. A
stable, real, first-order all-pass function has a transfer
function of the form

1. Introduction

Napl(Z) =

The problem of tracking the frequencies of, and
oftentimes to enhance, a number of sinusoidal signals
embedded in additive noise has important application in
numerous fields, for example in communications, radar and
sonar.

1

-

with lpl

<1

$2-1

whereas for a stable second-order real all-pass function, with
complex poles, it is given by

One approach to this problem is based on the use of an
Adaptive Line Enhancer (ALE) as proposed by Widrow [l].
The ALE has the disadvantage however that it does not
possess a direct mechanism for frequency tracking.
Therefore, a method for frequency measurement has been
suggested which is based on the use of the coefficients of the
filter within the ALE to obtain an instantaneous estimate of
the power spectrum of the enhanced signal [2]. Such a
method of frequency estimation has the disadvantage that it
increases considerably the algorithmic complexity of the basic
ALE. A further limitation of the conventional Finite Impulse
Response (FIR) filter structure of the ALE is that it is not
well-suited to modelling a highly selective transfer function
as necessary for line enhancing.

with 0 < a C 1 and p2 <

(1

+ a 2‘

The mirror-image pair

[ 9 ] relationship between the coelficients of the numerators
and the denominators of eqns. (1) and (2) is characteristic of
all-pass functions. This symmetry is therefore employed to
reduce the complexity of the gradient terms necessary for the
adaptation of the new ANF structures. The assumption is
made that the denominator parameters of the all-pass filter
are fixed and only the partial derivative with respect to one
of the numerator coefficients is calculated.

An ideal all-pass filter realised in infinite precision is
lossless [9]. To realise an atl-pass filter various structures
are available, however in order to force the transfer function
of such a filter to remain all-pass, independent of finite
precision effects, a structure which is canonic in multipliers is
employed [ll]. Such a structure is termed as structurally
Lossless Bounded Real (LBR) and is shown in Figure 1.
All-Pass functions are also the basis for the frequency
transformations developed by Constantinides [U]. Such
transformations can not be applied as direct replacements for
the delay elements within IIR filters because delay-free loops
are introduced. However, another low-pass-to-band-pass allpass transformation which does not introduce delay-free
loops is given by

Much recent interest has therefore focused on the
application of an Adaptive Notch Filter (ANF) to both the
problem of frequency tracking and line enhancement
[3,4,5,6]. An ANF is chosen because after convergence the
frequency response of a conventional ALE, from input to
error output, is that of a notch filter and that the notch
frequency is generally simply related to a number of the
parameters of the ANF which provides a simple mechanism
for frequency tracking [3]. Several ANFs must be connected
together in order to track or enhance more than one sinusoid.
Methods for such connection have been either in a parallel or
cascade form but have often suffered from the problem of
biased frequency estimates [7]. To overcome this problem it

-
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(3)
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respect to the numerator B i+s shown
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Within Figure 4 the complete adaptive NFB structure is
shown. With the addition of one extra multiplication the
necessary gradient term is generated. A cascade of such
structures can be used to track multiple sinusoids and only a
total of N(N+ 1)/2 second-order sections is required for
tracking N sinusoids. Importantly, it is the final output error
which is minimised by such a cascade of notch filters. The
gradient terms calculated in eqns. (13) and (15) can only be
approximated in the adaptive realisation since the exact
values of p are unknown and must be replaced by their
instantaneous estimate f3'.
5. Simulation Results

The frequency tracking simulations are on lines similar to
those reported by Kwan [8] and are given as plots of the
instantaneous normalized frequency against sample number.
For the new ANF structures the plots are achieved using
L c o s - ' ( p k ) . The a parameter is set to 0.9025 which
2n
determines the notch bandwidth and the range of reachable
frequencies. The input signals consist of a number of
sinusoids and zero-mean additive white Gaussian noise.
Figure 5 shows the transient responses for the structure due
to Kwan, and the NFA and NFB structures, when used to
track a single sinusoid with unity power. The input SNR is
lOdB and the initial sinusoid frequency is set at 0.15, which
after 100 sample points is switched to 0.2. y is chosen as
0.99 and Qo = 1.0. The adaptation gain )I is 0.01 for the
NFA structure and 0.0005 for the NFB structure. Po is
selected to pre-set the notch frequency to be 0.15. The
results evidence clearly that both the NFA and NFB
structures can track a frequency jump. The track for the
NFA is appreciably more noisy due to the additional
complexity of its gradient generation. To assess the signal
enhancement capabilities of the new structures the SNR
improvement ratios (SNRIR) are considered. For the NFA
structure the SNRIR is
whereas
fort he^^^
6'-"1
(1-a)
structure. As an example, with a = 0.9 25 the SNRIRs are
To obtain compatible
respectively 19.5 and 20.5.
performance with a conventional ALE a tap-length of the
order of 40 is required [l].

-

As the NFA structure had a smoother track and because it
has a simpler gradient structure and the higher SNRIR it is
used for the second simulations. Figure 6 shows the result
from the cascaded NFA structures when employed to track
two sinusoids with disparate powers. These sinusoids are at
frequencies of 0.12 and 0.14 with powers of 1.0 and 0.01.
The variance of the noise is 0.01 so that the SNRs which
correspond to each sinusoid are respectively 20dB and OdB.
The notch filter structures are initialised so that their notch
frequencies are 0.1 and 0.11. For the NFB structure )I is set
to 0.000125. Only three second-order sections are necessary
for the cascade structure based on NFJ3 whilst five would be
necessary for the structures due to Kwan.

6. Conclusion
All-pass sections, realised as numerically robust structurally
LBR functions, have been employed to provide new
structures for constrained ANFs. These new ANF structures
can be used for both frequency tracking and line
enhancement. Much simplification in the generation of the
gradient terms necessary for the adaptive algorithms has been
achieved through the utilization of the mirror-image pair of
polynomials present in an all-pass function. These new
structures can be cascaded to track multiple sinusoids in
additive broadband noise. For NFB, with an input of N
sinusoids, only N(N+ 1)/2 second-order sections are
necessary for the entire cascade structure. Simulations have
verified the suitability of these structures for frequency
tracking.
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